
Week 11

Sol "
We claim that V= range P satisfies our condition

.

Recall "

.HU
is a

f. d. v. subsp ,
of V

,
the orthogonal projection

PVELHof V ontoV is defined byPvv=u where REV st .

V=utw for AEV we Vt

. Suppose SCV is a subset
.

The orthogonal complement St

of S is defined by
St  

= { ve V :< v. s > =o for allSES }

Claim I : Utikerp
.

Let

wekerp
.

From the question ( w ,u> ⇒ ttuev

.

'

.
we Vt and kerpctt

By Fund
. Thm of Linear Maps ,

dim Ker Ptdimrange P=dim✓

On the other hand VoVt=V by 6.47

.

'

.

dim Vt=dimV - dimV- dimkerp
.

Hence Vt=kerP by EXZCQI

Claim 2 P=Pv
Let VEV 7- UEV WEU 's .t

. V=utw
.

Since V=
range P

7- n' EV sit
.

Pu '=u
.

Therefore

Pv= Put Pw = P2u'+0 = Pu '
=u = Pvv

Since this is true for all VEV
,

P=Pv
.



Midterm 2

QI True or False ( Only false statements are shown )
.

c) Consider V=R
'

1- ( x ,y )=( xtyo ) Scx ,y ) = Co
,y )

T
, S have eigen basis ( ( 1,0 )

,
( 1

,
-1 ) ) and 41,0)

,
( 0,1 ) )

.

'

. diagonal 'nab1e

However ( Tts )( K ,y)= ( xey ,y ) If (Ttskx ,y)=Xx,y )

Xx ,y)=C Key ,y )
.

'

. 7. x=xty 7y=y
At )x=y At )y=o .

'

. 7=1 or y=o
If y=o then 4=1 or x=o Since we assume Gay ) # 0,0 )

T=1 and y=o
EH

,
Tts )={ ( x ,o ) : KER } is only I dim 't

,

!
.

 aotdiag .



d) Since 0 is not an eigenvector ,
the set of all e. vectors

does not contain it and cannot be a subsp .

e) Define T(x , ,x . ,

... ,x ,
) = fxz ,x , ,xs ,

... ,x , )
It is a lin

. op . on IR ?

(A shorter proof) Consider p= leii.  .ie ,
) Then MH ,p)=f°jIs ]

Its char
. poly .

is ( x 't1) ( x - ' 75 which does not split
over IR

.

It there exist an upper triangular  matrix  repr .

,
then it should split .

( A longer proof ) Assume that ptf , ,

.
. . ,f ,

) is a basis of IR
'

s ,t ,

MLT ,p ) is upper triangular.

Then
we have Tfi €Span ( f

, ,

.
.

. .fi ) for it
,

.

-  - 17
Let Vi  

= Span ( f , ,

.

'  -

,
fi ) for i=o

,
... ,7 ( Vo= to} ) V = Span @i. e.)

Claim If W is a T . invar subsp  of ✓ sit
.

WAV #to }
then VCW

.

Pf Pick o # VEWAV V = c. either for some a. a €112 not both

TV = -

Cze.tGezEWNotethatcIvcIa.Tv-eiEW2er0aadpIvtcFtToTv-ezeWi.V-Spaa@yedcWbSupP0semisthesmaHesttveint.s.t

.
Vimnltttt

.

It exists since 4=112
'

> V
.

By def
.

of m Vm
. ,

AV=fo}(Take Voto } ) By Claim VCVM
.

i. Vm > Vm
. ,

OV However m=dimVm 2 dim Vm
. , tdimV-mttz.mu

Contradiction
.

Therefore no such m .

!
,

No such P .

h ) Take VHR withnitniiiidproduct ( x. y > =xy .

Take v=lw=t

Then V= - I. W but Hvtwll -111-111=0 while 1141+1141--1+1=2+0 .



a) 1- ( i ) = x. 0 -

1 = -1 T ( x ) = x. 1 - 1 =x - 1

TH ) = ) C. 2×-1=2×2-1

i. than -

( tot,
"

g)
0 o

b) Since MCT
, 13 ) is upper .triangular

its eigeavalues are entries on the diagonal .

i. The eigcuualuesottare+
, 1,2

c) Since T has 3= dim RGR ) distinct e. value
T is diagonal izable

A
→

Solve ( MCT
, B) - XI )vofor 7=-1

, 1,2

* '

go;D
pick"fool " the' :*.!i¥t

* '

poof! )"kmfµIdfYYy
.
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